In this study, stress intensity factors for axial cracks in hollow cylinders
theory provided by Wilson and Yu (1979) . The other prevailing method employed by Emery et al. (1969) , Nied (1983) , Oliveira and Wu (1987) , and Bahr and Balke (1987) is based on the concept of superposition; that is, the thermal loading is replaced by mechanical traction forces which are the same as equivalent internal force at the prospective crack face in the absence of crack.
Previous methods have a common disadvantage that the complicated finite element calculation must be repeated for the same cracked body subjected to different mechanical or thermal loading. Particularly, when these methods are applied in the transient thermal loading situation, a large amount of numerical calculation will be involved. The weight function method provides an alternative, yet more efficient methodology in the analysis of cracked bodies.
The weight function method, which was first proposed by Bueckner (1970) , is a powerful and efficient method for determining the stress intensity factor for the mechanical loading system. In his formulation the weight function is the displacement of fundamental state induced by a self-equilibrating loading for which the singularity is one order higher than normal state. Rice (1972) proposed a convenient formulation for the determination of weight function, which then became the most prevailing form. The weight function is a universal function for a given crack geometry and composition and is independent of applied loading. If the weight function is obtained from a simple loading case, it can then be used to calculate stress intensity factors for any other complicated loading system of the same cracked geometry.
An edge crack in a circular disk subjected to an arbitrarily distributed loading was analyzed using the weight function method by Wu (1991) . For the single-edge cracked circular disk, the exact solution of the stress intensity factor for load case of uniform crack face loading obtained by Gregory (1977 Gregory ( , 1979 Gregory ( , 1989 was used as the reference solution for deriving the mechanical weight function. Analytical formulation for the computation of stress intensity factors for arbitrary loading have been presented by Wu (1991) ; the results are very accurate for any relative crack length ranging from zero to unity. The crack face weight function was also applied to determine the transient stress intensity factors in a thermal shock condition by using the known result of the thermal stress in a circular cylinder by Wu (1991) .
In recent years, the finite element method applied to fracture mechanics has been well developed. There are several studies that have sought to improve the calculation technique and provide a possible and efficient way to construct the weight functions for finite cracked bodies. Sha (1984) used the stiffness derivative technique coupled with singular crack tip elements to determine the weight functions, and he obtained the weight function for a single-edge crack with specified specimen width and length by means of the finite element method. Sha and Yang (1985) obtained the weight function for an oblique edge crack by means of the finite element method using the virtual crack extension technique as suggested by Parks (1974) and Hellen (1975) . They have extended this method to nonsymmetric mixed mode problems and used a special symmetric mesh in the vicinity of the crack tip such that the stress intensity factors for modes I and II could be determined independently. Recently, Tsai and Ma (1989) , Ma et al. (1990) constructed the explicit form of the mixed mode crack face weight function for finite rectangular plates by using the finite element and curve-fitting techniques. These explicit weight functions are expressed in terms of a position coordinate, crack length, specimen width and length, which are certainly more useful in practical applications. In a study by Tsai and Ma (1992) , the formulation of the thermal weight function is derived from the thermoelastic Betti reciprocal theorem. It was found that the rate of change of the mean stress with respect to the crack length of any arbitrary loading system is the thermal weight function.
In this paper, an efficient finite element method with singular elements for evaluation of the weight functions for hollow circular cylinder has been established by coupling the virtual crack extension technique. Explicit mechanical weight functions are expressed in terms of the nondimensional quantities of position coordinate x/a, crack length a/(Ro -Ri), and geometrical configuration R/Ro, where Rj and R 0 denote the inner and outer radius of the hollow cylinder, respectively. These explicit weight functions are then used to calculate the stress intensity factors and compare them with some known results. The thermal weight functions of a hollow circular cylinder for axial cracks at the internal or external wall are presented. The thermal weight function method presented in this paper is more convenient than the modified ./-integral method (Wilson and Yu, 1979) or the superposition method (Oliveira and Wu, 1987) to evaluate the stress intensity factor of cracked bodies subjected to thermal loading. The formulation of the thermal weight function will be demonstrated first, and some examples will be studied to validate the accuracy and efficiency of this method. Particularly, stress intensity factors of hollow cylinders subjected to thermal shock are discussed in detail.
Weight Function Formulation
The weight function method as presented by Bueckner (1970) and Rice (1972) was used to compute mode I stress intensity factors for symmetric cracked bodies with symmetric loading. Following Bowie and Freese (1981) and Bortman and BanksSills (1983) , Tsai and Ma (1992) extended Rice's displacement derivative definition of the weight function for mode I deformation to mixed fracture mode and mixed boundary conditions of applying mechanical and thermal loadings. Consider the geometrical configuration as shown in Fig. 1 . There are different sorts of loading types, such as prescribed traction t* at boundary S,, prescribed displacement u* at boundary S u , body force f*, and temperature 9* at domain A. Stress intensity factors are expressed as a product of the applied load and the associated weight function as follows:
The different sorts of weight functions are denoted as
for mode I, and (5)) are known as the traction, displacement, and body force mode I weight function, respectively; the last term (Eq. (6)) is known as the thermal mode I weight function. Configurations (1) and (2) are geometrically equivalent to the original problem and are subjected to arbitrary loadings. The corresponding stress intensity factors and displacement vectors will be denoted by K^^i), u
(1) and ^n ) , u (2) , respectively. Once the weight functions ( (3)- (8)) are determined from any particular load system, the stress intensity factor induced by any other load system can be obtained from Eqs. (1) and (2). In this paper, only the mechanical loading (traction boundary condition) and thermal loading are considered for pure mode I deformation. If only mechanical loading is considered and is restricted to mode I loading, the mode I stress intensity factor can be written as
The weight functions are defined for the boundary S, of the cracked body as indicated in (12). However, by employing the linear superposition principle, only the weight functions along the prospective crack-face are of primary interest when evaluating the stress intensity factor. If thermal loading is considered and only induced mode I deformation, then (1) 
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Since the mean stress rate (da kk /da) is difficult to evaluate by the finite element method, we reformulate (14) and (15) by Green's theorem to an alternative form which can be obtained more easily and accurately by the finite element method, which yields
where
2 )\ for plane strain. Usually, the formulation (14) is more suitable for analytical analysis of the thermal weight function, and (16) is especially convenient for the finite element calculation of finite cracked bodies. The formulation shown in (16) reveals a significant physical meaning, that the stress intensity factor is influenced by the temperature at boundary and heat flux in the entire domain. This expression can also be obtained from the body force analogy method which transfer the thermal loading to mechanical traction and body force.
The values of u x l) and u {2) in (13) and (16) are the displacement components along the x and y axes, respectively. As indicated in (13) and (16), the determination of the weight functions for the cracked body of interest requires both the stress intensity factor and the displacement derivatives, established for any arbitrary loading system applied to the same cracked body. Unfortunately, the exact solution of the displacement field is available only for very few ideal crack problems. An efficient finite element method for determining the weight functions for cracked bodies of interest has been achieved in this study by combining the singular crack tip elements with the virtual crack extension technique.
Weight Functions for Mechanical Loadings
By the principle of superposition, the stresses in a cracked body subjected to external loading can be separated into two parts: (a) the stresses that would arise if the cracks were not present, and (b) the stresses that nullify the unwanted tractions on the prospective crack faces in (a). Since the stresses in (a) are finite, only the stresses in (b) give rise to the stress intensity factors, which are amplitudes of the r~i n singularity at the crack tips. In other words, the stress intensity factor under crack face loading is equivalent to loading the cracked body with remote loading that produces the same pressure loading on the prospective crack face in the absence of the crack. Hence, only the weight functions on the crack faces are of primary interest for evaluating the stress intensity factors. The weight function of interest in the present work for axial cracks in hollow cylinder is restricted to mode I loadings. Once the weight functions are determined for a given geometry, then the stress intensity factor for any loading system applied to the same cracked body can be calculated very efficiently by
where the crack face weight function h'(x, a) is represented as
Once the stress intensity factor K^ and the crack opening displacement u y l) are established for a simple reference problem, the stress intensity factor for any other loading of the cracked body can be easily calculated by integration. Although the evaluation of Eq. (17) is a straightforward integration, this formula requires preliminary work to establish the appropriate values of the derivatives du y l) /da. Unfortunately, the exact solution of the crack face displacement is available only for very few crack problems. Gregory (1977 Gregory ( ,1979 Gregory ( ,1989 gave exact solutions of the single-edge cracked circular disk for several types of loadings by using the Wiener-Hopf technique. To evaluate the weight functions for important engineering problems of cracked body with finite dimensions, the main difficulty arises in the determination of the crack opening displacement field corresponding to a given loading. Conceivably, the crack face weight functions, which depend on geometry alone, can be accurately obtained by means of finite element analysis from a relatively simple loading condition.
The existing weight functions were usually derived for particular geometry or simple geometry and loading. In this paper, we will construct the explicit form of the mode I crack face weight function for axial cracks in a hollow cylinder by using the finite element and curve-fitting technique. These explicit weight functions are expressed in terms of the nondimensional quantities of position coordinate x/a, crack length a/(R 0 -Ri) and hollow cylinder geometry Ri/R 0 , where R ; and R 0 are radii for the inner and outer walls, respectively. The crack geometries considered are single-axial crack at the inner or outer wall; the specimen configurations are shown in Fig. 2 . These explicit weight functions are then used to calculate the stress intensity factors and compare them with some known results.
In order to determine the weight function, a reference stress intensity factor for any stress system together with the corresponding crack opening displacement field must be known. The main difficulty with the method is the determination of the crack opening displacement field. Exact solutions are available for only a very few crack problems. The only exact solution is given by Gregory (1977) for the single-edge cracked circular disk subjected to a constant internal pressure; exact expressions were obtained for the stress intensity factor, total strain energy, and the opening at the mouth of the crack. This exact solution was used as the reference solution for deriving the weight function by Wu (1991) . For most cases that are of practical interest, i.e., cracks in finite bodies, exact solutions hardly exist at all. Apparently, good approximations to the displacement field for such cases are very desirable from the engineering point of view. Therefore, Tsai and Ma (1989) have proposed an approximation for the crack opening displacement field for an edge crack in plates with finite width and length. Following a similar consideration provided by Tsai and Ma (1989) , we also assume that the crack opening displacement of an axial crack in a hollow cylinder has the following form: The tabulation of the coefficients C,"" for different crack Any error in calculating K\ l) and du^/da by means of the finite element and curve-fitting methods will contribute to the inaccuracy of the weight function evaluations. The error from the finite element method calculations is related to the mesh arrangement and the value of the virtual crack extension da of the crack length. A da/a that is equal to 10~5 is regarded as good for the numerical results and is used in this paper. The stress intensity factors with less than 0.3 percent error are obtained and the error that results from the process of curvefitting by means of the least-squares method is less than 1 percent in general.
By combining the uncracked stress fields with the explicit weight functions obtained, accurate stress intensity factors for different loading systems can be economically estimated according to Eq. (17) . In order to demonstrate the accuracy of the weight functions obtained in determining the stress intensity factors, several crack problems have been considered. The stress intensity factors calculated for these problems by means of the present weight functions are shown in Fig. 4 . The maximum difference in the stress intensity factors obtained by the weight function technique are less than 1 percent when compared with the results of Andrasic and Parker (1984) . We have also obtained the stress intensity factors for applying uniform pressure P 0 in inner and outer walls and the results are shown in Fig. 5 . It is noted that the explicit form of the mechanical weight function obtained in this section is valid for the range 0<a/(R o -Ri)<0.8 and 0.3<i? 7 /i? o <0.8, which covers a large range of hollow cylindrical geometry for practical use. The similar problem was also studied by Tracy (1979) and Delale and Erdogan (1982) . Tracy (1979) obtained the solution for one to four radical cracks emanating from either the inner or outer surface of a circular ring by using the modified mapping collocation method. Delale and Erdogan (1982) gave the results for a hollow cylinder or a disk containing a radical crack by using the basic dislocation solutions as Green's functions; the crack may be an external edge, an internal edge crack, or an embedded crack. 
Weight Functions for Thermal Loadings
In the analysis of a finite cracked body, the numerical method of finite elements is used to construct the thermal weight function, and the formulation expressed in (16) is used. We consider first a hollow cylinder with an external axial crack, subjected to uniform temperature distribution 9/ in the inner wall and 6 0 in the outer wall, as shown in Fig. 2 .. The temperature in the crack faces is assumed to be the same as that on the external wall. The temperature distribution is solved by using the finite element method. Since the singular behavior r~x n for the temperature gradient in the vicinity of the crack tip is predominant in this problem, the quarter-point quadratic isoparametric elements are used in the crack tip region. The remaining parts are surrounded by standard eight-noded quadratic isoparametric elements. The temperature distribution of the cracked hollow cylinder is displayed in Fig. 6 . The numerical results for thermal weight functions are shown in Fig. 7 . Then from (16), the stress intensity factor can be evaluated directly by numerical integration. The solutions of the stress intensity factors obtained by the thermal weight function for different crack length are shown in Table 3 , which are all negative values. The stress intensity factors are normalized with respect to EuAQy [W/(l -v) , where W=R 0 -Ri is the wall thickness of the cylinder. The next problem to be considered is an internal crack in a hollow cylinder. The temperature distribution is displayed in Fig. 8 and the thermal weight functions are shown in Fig. 9 . The stress intensity factors for different crack lengths, shown in Table 4 , are all positive values. From Tables 3 and  4 , it can be concluded that if the temperature in the outer wall is higher than that in the inner wall, inner cracks will open and might propagate so that inner cracks are much more dangerous than outer cracks.
Finally, we would like to investigate the axial cracks in a hollow cylinder subject to thermal shock. The cracking of a brittle material due to thermal shock has been recognized as an important fracture phenomenon in cases such as turbines, combustion chambers, or pressure vessels subjected to abnormal operation or workpieces under the quenching process. Sometimes the transient, thermally induced stress singular behavior is strong enough to fracture the structure. The existing results related to cracks subjected to thermal shock are rather limited. This is probably due to the fact that the calculation must employ the finite element method, which can be timeconsuming and expensive for the analysis. The thermal weight function method will be used in this study, which will provide a more efficient methodology in the analyses of thermal shock problems.
We consider a hollow cylinder which is initially at a uniform temperature 0 O . At time t = 0, the temperature at the inner wall is suddenly changed to 9/ while the temperature at the outer wall is kept at G 0 . We assume that the presence of the crack does not affect the temperature distribution for simplicity. This implies that the transient temperature distribution is independent of crack geometry and is the same for all crack R0 = 2R, e 0 =io y 5 Table 4 Stress intensity factors of an internal crack for different crack lengths subjected to prescribed temperature at boundary and crack faces Fig. 10 for internal cracks, the maximum stress intensity factor for short cracks (a/W<0.3) is reached before the steady state is established. Another interesting phenomenon for internal cracks is that short cracks are not necessarily less dangerous than long cracks during the transient period or at the steady state; while for external cracks as shown in Fig. 11 , the maximum stress intensity factors always occurred during steady state and the stress intensity factors increase with crack length.
Conclusions
The evaluation of the stress intensity factor by means of the weight function method is more favorable than that of the finite element method because of the load independence characteristics of weight functions. The key advantage of the weight function method is that once the weight functions are predetermined for a given crack geometry, accurate stress intensity factors for any other loading conditions for the same crack In this study, the efficient weight function method is used to calculate the stress intensity factors for a hollow cylinder with an axial crack subjected to mechanical or thermal loadings. Explicit weight functions for applying mechanical loadings are presented in terms of the nondimensional quantities of geometric parameters, which are very useful in practical applications. The weight function for mechanical loading is now a common method to determine the stress intensity factor. However, the thermal weight function concept is not widely used yet and it is proved that the method is more convenient and efficient than other methods used in the literature. If the temperature distribution is known, then the stress intensity factor of a cracked body can be obtained by a simple integration over the predetermined thermal weight function. In the previous study of thermal transient problem, the maximum stress intensity factor may occur during the transient period, so that the analysis of the transient problem is necessary. By the concept of the thermal weight function, the time consumed for the numerical calculation of the transient problem can be reduced at every transient time step.
